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2and reservoir harmonic oscillators respectively and  is the adimensional coupling constant. Note that, for the sake
of simplicity, in the paper we use adimensional position and momentum operators for the system oscillator.
The second form of the system{reservoir interaction Hamitonian examined in this paper is the so-called Feynman-





















































While the rst interaction Hamiltonian is very often used in describing quantum optics systems [12] and atom lasers
[13], the second one leads to the Master Equation for Quantum Brownian Motion [14]. Using the Hamiltonian given











, appearing in Eq. (2), do not conserve the total unperturbed energy and thus give a negligible
contribution to the system dynamics in the weak coupling limit [12].
The main result of this paper is that, in the non-Markovian regime, the contribution given by the counter-rotating
terms is not negligible and experimentally measurable, also when the weak coupling limit is invoked.
The paper is structured as follows. In Sec. II we introduce the superoperator formalism for the derivation of
non-Markovian generalized Master Equations. In Sec. III we specialize the generalized Master Equations to the cases
of Rotating Wave and Feynman-Vernon couplings and we compare them in Sec. IV. Finally in Sec. V we present
conclusions.
II. DERIVATION OF THE MASTER EQUATION: AN OPERATORIAL APPROACH
Let us consider an open quantum system interacting with an environment whose physical nature needs not to be



























stand for the system, environment and interaction Hamiltonians respectively and  is the
























(t) are the density matrix and the interaction Hamiltonian of the total system respectively, in
the interaction picture, and the superoperator H
S
I







(t);  ]. In the rest of the paper, given
a certain operator
^









A;  g: (6)
In deriving the generalized Master Equation we assume that at t = 0 system and environment are uncorrelated,




(0), with ^ and ^
E
density matrices of system and environment respectively and that the







A formal solution of Eq. (5) can be written as
~(t) = T(t)~(0); (7)









3with T(0) = 1. Remembering that ^(t) = Tr
E




(0), after tracing over the environ-






 hT(t)i^(0)  (1 +M(t))^(0); (9)





























^(t)  K(t)^(t): (11)






too. At this point
it is worth spending few words on the existence of K(t), that is of the inverse superoperator [1 +M(t)]
 1
. To this


















As discussed in [15] for weak couplings such series converges at any time t. For generic coupling, however, the
convergence radius of the series depends both on  and on t. For this reason one has always to pay special attention
to such a problem when working for intermediate or even strong coupling regimes.





















































   dt
n
; (13)




  > t
1
> t. Inserting
such an expression into Eq. (11) with the help of Eq. (9) and collecting all the terms proportional to the same power














































   dt
n
: (15)
In the previous equation we have indicated with hh  ii
o:c:
the temporal ordered cumulants [18]. As an example, we





































The form of Eq. (15) resembles the result obtained by Van Kampen in the context of stochastic dierential equations
[16, 17].
The origin of the expansion given by Eqs. (14) and (15) can be understood as follows. Let us write the superoperator


































4In Eq. (17) the symbol h  i = tr
E

   ^
E
	
describes an operation of average over the environmental degrees of
















i can thus be seen as the generalization, in the superoperator for-
















is the generalization of the generator of cumulants introduced in standard textbooks. This circumstance makes it
clear why the integrand in Eq. (15) is called temporal ordered cumulant. In view of Eq. (17) the existence problem
of the superoperator K(t) can be traced back to the convergence of the series of cumulants in Eq.(14).
In order to derive the explicit form of the generalized Master Equation, let us assume a bilinear interaction Hamil-


























































are system and environment operators
respectively. In the weak coupling limit we may stop the cumulant expansion given in Eq.(14) to the second order in








































Assuming for simplicity that the form of the environmental density matrix satisfy the condition h
^
Ei = 0 (as for
example in the case of a thermal reservoir), one can show that the rst term of Eq.(20) vanishes at every time t.
The explicit manipulation of the second term is presented in Appendix A and leads to the following nal form of the

































   [D(t)  {G(t)] ^(t)  L(t)^(t); (21)





( ) matrices, with  = t   t
1
. Such quantities, characterizing the temporal behavior of the

































The form of Eq. (21) has a clear physical meaning. One can show that the superoperator D(t) is strictly connected
with diusion (decoherence) processes only [20]. The superoperator G(t), describing the dissipation processes and
frequency renormalization, on the other hand, arises from a quantum mechanical treatment of the environment and,
indeed, vanishes when a semiclassical description of the environment is used (see also Eq.(23)) [20].
In the next section we further carry on the calculations in order to obtain and compare the two non-Markovian
Master Equations corresponding to the Rotating Wave and Feynman-Vernon couplings respectively.
III. ROTATING WAVE AND FEYNMAN-VERNON COUPLINGS IN THE NON-MARKOVIAN
REGIME



















































frequencies of the reservoir oscillators.
A. Feynman-Vernon coupling
Let us begin discussing the Feynman-Vernon interaction Hamiltonian, given by Eq.(2). Such a coupling is of the












(t). Our aim is to manipulate
Eq.(21) in order to obtain the specic non-Markovian generalized Master Equation appropriate for our system. In
this section we will sketch the main steps of the derivation. More details can be found in Appendix B.














































































































and ( )  
1;1
( ) and ( )  
1;1


































































 )d : (35)
6From the form of Eq.(31), and remembering that H
S
0


















it is not diÆcult to convince oneself that the term having coeÆcient r(t) gives a renormalization of the oscillator
frequency.
As usually done in standard textbooks [12], this term can be included in the denition of !
0
. In the following we
neglect such term since it is possible to prove that such an approximation is always justied in the weak coupling
regime  1, provided that the reservoir frequency cut{o remains nite.














































Eq. (37) can be exactly solved in an operatorial way and the solution has an operatorial form [22]. This fact may be
exploited to fully disclose both the short time non-Markovian and the asymptotic Markovian behaviors characterizing
the dynamics of the system, as we will see in Section IV.
B. Rotating Wave coupling
The generalized Master Equation correspondent to the interaction Hamintonian given by Eq. (1), derived following











































































































































































































































The term proportional to r
RWA
(t) gives rise to a renormalization of the oscillator frequency as for the Feynman-
Vernon case, described in the previous subsection. Therefore, proceeding with the same considerations and passing





































Let us note that this Master Equation, dierently from the one obtained for the FV coupling (see Eq. (37)), is in the






(t) are positive. This is usually the case for
typical reservoir spectra and parameters, as we have discussed in [23].
IV. COMPARISON BETWEEN THE RW AND THE FEYNMAN-VERNON COUPLING MODELS
In the previous section we have seen that starting from a FV coupling or from a RW coupling of an harmonic
oscillator with a thermal reservoir it is possible to obtain a generalized Master Equation local in time describing the
dynamics of the oscillator. This fact is not surprising. Indeed, as underlined by Paz and Zurek in [20], \perturbative
Master Equations can always be shown to be local in time ". It is worth noting that, as far as the FV interaction
model is concerned, an exact Master Equation, valid for every value of the coupling strength, has been derived [21].
The Master Equations we have derived in the paper are based on the weak coupling assumption but do not rely
on the Born-Markov approximation so we are able to examine the non-Markovian short time behavior of the system
under study. In addition such equations of course describe the correct Markovian long time asymptotic behavior [23].
The dierent structure of the two Master Equations given by Eq. (37) and Eq. (47), traceable back to the two
dierent coupling Hamiltonians, are responsible for the occurrence of some physically transparent changes in the
oscillator dynamics, more marked in short time regime.












































We take advantage of a pictorial representation of the four dierent interaction terms appearing in Hamiltonian
(48b) (see g 1).
The events represented in the rst two diagrams (a,b) are processes of absorption or emission in which energy is
conserved. The last two diagrams (c,d), on the contrary, describe events not corresponding to real absorption and
emission processes. For this reason such processes are called virtual processes. In the second order in perturbation
theory both the two real and virtual processes combine to give rise to real processes hereafter called alpha and beta
processes respectively (see g.2).
Thus when we use the Feynman-Vernon coupling instead of the Rotating Wave one, the channels through which the
oscillator exchanges energy with the reservoir are doubled. The asymptotic long time behavior describes, of course,
thermalization in both cases.
These particular features give rise to dierent predictions of the short time behavior of physical quantities, such as
for example the mean number of quanta hn^i(t) of the system oscillator (heating function), depending on which of the
two system-reservoir coupling models is used. We show in the following that such dierent behaviors are, in principle,
experimentally observable and thus relevant for the correct description of the complete dynamics of the system.
Let us consider, as initial state of the system, the vacuum. It is well known that, in this case, due to the interaction


























FIG. 1: There are four distinct terms in the Hamiltonian given by Eq. (48b). The events represented in the rst two diagrams (a,b)










Process alpha Process beta
FIG. 2: Two real processes combine to give rise to the real process alpha. Two virtual processes combine to give rise to the real process
beta.
reference [23] it has been shown that, for the FV coupling, the non-Markovian time evolution of hn^i(t), in the weak























where n(!) is the mean number of reservoir excitations at T temperature and g(!) is the reservoir spectral density.






















Comparing these last two equations one sees immediately that, for short time intervals, hn^i(t)  2hn^i
RWA
(t),
meaning that the system{reservoir FV coupling model predicts an initial heating of the system faster than the one
predicted by the RW coupling model. This fact can be easily traced back to the doubling of channels for energy
exchange illustrated in Fig. (1).
On the other hand, in the long time asymptotic limit, hn^i(t) and hn^i
RWA





















since, due to the time{energy uncertainty principle, for long times t,  processes (see Figure 2) are very unlikely to
happen in the weak coupling regime.
Summing up the two system{reservoir coupling models under scrutiny predict the same asymptotic long time
behavior for the observable hn^i(t) but dierent non{Markovian short time behaviors. It is worth noting that, once



















FIG. 3: (a) Asymptotic long time behavior of the coeÆcients





(t) (gray line). (b) Asymptotic long time
behavior of the coeÆcients (t) (black line) and 
RWA




known the system and reservoir parameters, the only phenomenologic constant is the coupling constant . Such
quantity is usually estimated from the experiments [25]. If we now assume that experiments may be performed in all
the relevant time scale, that is both in the asymptotic long time regime and in the non{Markovian short time regime,
one can use the value of the coupling constant experimentally measured in the asymptotic long time regime (see Eq.
(51)) to verify if the correct short time behavior is actually the one predicted by Eq. (49) (FV coupling) or the one
given by Eq. (50) (RW coupling). In fact, one would expect that, since the complete Feynman{Vernon coupling is
more general than the RW coupling, it is also more fundamental and thus it should give the correct description of the
dynamics of the system.
V. THE RWA IN THE FEYNMAN-VERNON MODEL: COMPARISON WITH THE RW MODEL
Let us now consider again the nal form of the generalized Master Equation, given by Eq. (37) with Eqs. (38)-
(39), derived for the FV coupling. To further simplify the calculation one could think to perform a Rotating Wave
Approximation (RWA) averaging on an interval t the rapidly oscillating trigonometric functions appearing in Eq.(37)
through Eqs.(38)-(39). Under such conditions, that is for 2!
0
































































(t) and (t) dened by Eqs.(32)-(33). It is important to note that Eqs.(53) is in the Lindblad form as far as
the sum and dierence coeÆcients (

(t)  (t)) and (

(t) + (t)) are positive [22].
Another interesting feature of Eq. (53) is that it has the same structure of the Master Equation obtained starting
from the RW coupling (see Eq. (47)). Indeed, one sees immediately that the dierence between the Master Equation
obtained starting form the FV coupling and performing after the RWA, and that one obtained starting from the
RW coupling relies only on the time dependent coeÆcients of the ME. Let us have a closer look at the form of such














































































is the number of reservoir excitations at T temperature. In the following we assume
an Ohmic environment characterized by a reservoir spectral density having frequency cut-o !
c
























(t)) coeÆcients is that in the last one the anti-
resonant term cos[(! + !
0
) ] is absent. Such a circumstance leads to distinguishable short time behaviors of the FV
and RW coeÆcients.
It is indeed possible to prove that in

(t), for t !
 1
c
, alpha and beta processes give rise to the same contributions







As far as (t) is concerned, on the contrary, the same processes cancel each other at the rst order in t in such a
way that, for t !
 1
c


























), as shown in Fig. 3
At this point it is worth making some considerations on the validity of the RWA performed to derive Eq.(53). As we
have already said at the beginning of this section, the RWA consists in neglecting terms oscillating at the frequency
2!
0
. In other words performing the RWA amounts at looking at the course-grained structure of the dynamics of the




Very often one deals with situations in which the characteristic frequency of the system !
0
is smaller or much smaller
than the reservoir frequency cut !
c
. Under this circumstances, normally, we cannot rely on the short time expressions
of the FV coeÆcients







. However, there are two cases
in which one can use the Master Equation given by Eq. (53) to describe correctly the non-Markovian short time
behavior of the system:




, as discussed for example in [15, 24];




In this last case, indeed, it has been shown [22] that,in the weak coupling limit, it is equivalent to use the solution of
the the Master Equations (37) or (53) since they lead to the the same analytic expressions for the expectation value
of the observable of the class before mentioned.
VI. SUMMARY AND CONCLUSIONS
We have described a procedure, based on superoperator formalism, to derive, in the weak coupling limit, non{
Markovian generalized Master Equations local in time. Such a method is equivalent to the time{convolutionless
projection operator technique in the sense that it leads to the same generalized Master Equation. We apply this
procedure to derive the Master Equation for a specic system, namely a quantum harmonic oscillator coupled to a
thermal reservoir at T temperature. We compare two dierent microscopic system{reservoir coupling models: the
Feynman{Vernon and the rotating wave couplings. Both couplings are bilinear, but the rst one is more general
and thus, in this sense, it is more fundamental. Very often however, in quantum optics systems, the Rotating Wave
coupling is used because the counter rotating terms not conserving the unperturbed energy cannot contribute to the
system dynamics [12]. The main result of our paper is to establish under which conditions such a claim is eectively
correct. By comparing the analytic solutions of the heating function relative to the two dierent coupling models
(FV and RW couplings) we conclude that, even in the weak coupling limit, the counter rotating terms give indeed
a signicant contribution in the non{Markovian short time regime. Such a contribution is actually experimentally
11
measurable, provided that one can perform experiments in all the time scale relevant for the system dynamics. To this
purpose it is worth noting that in the context of trapped ions experiments have been performed in which the system
(single harmonic oscillator) is rst cooled down to its zero point energy and then coupled to a properly engineered
reservoir [25]. We note that, in such experiments, it is possible not only to choose at will the reservoir parameters,
but also to engineer the coupling and control the coupling strength. Therefore, the great experimental advances of
the trapped ion techniques could make it possible to perform an experiment aimed at proving the relevant role, in
the short time dynamics, of the usually neglected counter rotating terms.
One of the reasons for which one usually prefers to work with master equations derived starting from the RW
coupling model is related to the fact that the resulting Master Equation, in the Born{Markov approximation, is in the
Lindblad form dierently from the case in which the Feynman{Vernon coupling is assumed (see Master Equation for
Brownian motion). We have demonstrated here that also the non{Markovian Master Equation obtained starting from
the RW coupling is in the Lindblad form, for some value of the relevant system and reservoir parameter. Moreover,
by looking at the analytic expression of the time dependent coeÆcients of our non{Markovian generalized Master
Equations one can infer the conditions under which one passes from Lindblad to non Lindblad Master Equations.
Remembering that the Master Equations given by Eqs. (47) and (53) are of Lindblad type when their time dependent
coeÆcients are positive, indeed, it is not diÆcult to convince oneself that such conditions are simply related to the
change of the sign of the coeÆcients. Therefore the form of the RW Master Equations derived in this paper allows
to study the border separating two very dierent physical regimes characterized by very dierent system dynamics
[15] and, for this reason, makes it possible to gain more insight in the fundamental dissipative processes of one of the
most extensively studied physical systems: a harmonic oscillator coupled to a thermal reservoir.
Another new result we have obtained in this paper stems from the comparison between the master equations derived
in the following two cases:
1) Feynman{Vernon system reservoir coupling followed by the RWA performed after tracing over the reservoir
degrees of freedom;
2) Rotating Wave system reservoir coupling.
Stated another way we look at the dierences in the system dynamics arising from the two following approximations
respectively:
1) average over rapidly oscillating terms after tracing over the reservoir variables;
2) neglecting the counter rotating terms in the initial microscopic coupling model.
We have shown that the Master Equation obtained from the Feynman{Vernon coupling, after performing the RWA,
is of the Lindblad type and it actually has the same structure of the RW Master Equation, with dierent time
dependent coeÆcients. We have demonstrated that these two dierent approximations lead to dierent short time
behaviors, while in the asymptotic long time Markovian regime the two correspondent Master Equations do coincide.
However we have proved that performing the RWA after tracing over the reservoir variables is a less restrictive
approximation than starting with the RW coupling model. Indeed, dierently from the RW Master Equation, the
Feynman{Vernon one + RWA, takes into account the virtual photon exchanges relevant in the short time dynamics
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APPENDIX A: THE GENERAL MASTER EQUATION




















where for simplicity we have used Einstein notation. Using some algebraic properties of the superoperators one can






































Exploiting the properties of the trace and the assumption h
^
























































































































)i  0; (A6)











































where the square an curl brackets indicate the commutator and anti-commutator respectively.
Substituting these expressions into Eq.(20) and using the denitions of the correlation and susceptibility matrices
one obtains the general Master Equation given by (21).
APPENDIX B: DERIVATION OF FV MASTER EQUATION
In this appendix we present the superoperatorial mathematical properties allowing to derive the nal form of the FV








































































The previous relation says that the time evolution of superoperators is ruled by equations analogue to those of the





















































































APPENDIX C: DERIVATION OF THE RW MASTER EQUATION
In this Appendix we underline the essential steps in the derivation of the RW Master Equation given by Eq. (40).






























































































Exploiting the properties of superoperators given by Eq. (B1), with some algebraic manipulation, the Master
Equation given by Eq.(21) can be recast in the form given by Eq. (40). Finally we write such a Master Equation in

































(t) dened by Eq. (26). Concluding, we note that, the superoperator proportional to r
RWA
(t), appearing in























Thus the corresponding term in the RW Master Equation is a frequency renormalization term. Neglecting this term
and going back to the interaction picture one gets the nal form of the Master Equation, given by Eq. (47).
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